Tutorial 10

April 7, 2016

The Exterior of a Circle
Consider the following Dirichlet problem for the exterior of a circle

Ugy + Uyy = 0, ? +y? > a?
u = h(h), 2’ +y? =ad’
u is bounded as 2 + y? — o

Solution: In polar coordinates, it suffices to solve

;

U +TUr +ugg =0, a <1 <00,0<6<27
u = h(6), 0<6<2rm
u(r,0) = u(r, 2m), a<r<oo
ug(r,0) = ug(r, 2m), a<r<oo
u is bounded as T — 00

Find a seperable solution in polar coordinates, u = R(r)©(f). Thus by the equation, we have

TQRH—I-?”R/ _ @//

7 =-5 = A(constant)

Solve the eigenvalue problem
0" = -)\O, 0<6<2r
0(0) = ©(27), ©'(0) = O'(27)

Thus the eigenvalues are )\, = n? and the corresponding eigenfunctions are
O, =ancosnb + b,sinnf, n=0,1,2,---

It remains to solve
rP?R"+rR —AR=0, a<r<oo

When n = 0, r2R" + rR' = 0, thus Ror = co + doInr. When n > 1, R,(r) = ¢,r ™™ + d,7". Since u is
bounded as r — oo, thus Ry(r) = co, Rp(r) = cpr™"

Thus -
u(r,0) = R (r)On(0)
n=0
=agco + Z enr” " (ay cosnb + by, sinnh)
n=1
:ﬂ + i r~ " (A, cosnb + By, sinnh)
2 — n n
Set r = a,

Ay = ., _
h(0) = Y + 2_:1 a” " (A, cosnb + By, sinnh)

1



where

n 2w
A, = a/ cosnbh(0)dd, n=0,1,---
™ Jo

n 2
B, = a/ sinnfh(0)dd, n=1,2,---
T Jo

Actually, this series can be summed explicitly.

2 2 21 h
u(r,0) = r 27Ta /0 . 2(52 p—— ¢d¢ (in polar coordinates)
=212 _ 2 =/
u(T) = ]x\27ma /f|a MdS’(:ﬁ") (in rectangle coordinates)



